Abstract. Generalised contact structures are studied from the point of view of reduced generalised complex structures, naturally incorporating non-coorientable structures as non-trivial fibering. The infinitesimal symmetries are described in detail, with a geometric description given in terms of gerbes. As an application of the reduction procedure, generalised coKähler structures are defined in a way which extends the Kähler/coKähler correspondence.
Introduction
Generalised geometry, introduced by Hitchin in [17] and developed in [16] , has proved to be a very successful extension of differential geometry on the generalised tangent bundle T M ⊕ T * M .
Generalised complex structures, defined on even dimensional manifolds, unify and interpolate between symplectic and complex structures. Much of the interest in generalised geometry, particularly in relation to T-duality in string theory, is due to the enlarged symmetry group of the structures on T M ⊕ T * M and the associated deformations.
The odd-dimensional counterpart, generalised contact geometry, is less well developed (see however [26, 27, 23] ), particularly in the description of the associated symmetries. This note presents generalised contact structures as S 1 -invariant reductions of generalised complex structures. A geometric interpretation of twisted generalised contact structures is given through bundle gerbes and splitting the associated vector bundle. The content of the note is the following: In Section 2 generalised geometry on the generalised tangent bundle E ∼ = T M ⊕ T * M is reviewed. Section 3 introduces the generalised geometry associated with E ∼ = T M ⊕ R ⊕ R ⊕ T * M , extending the treatment in [18] and [15] , to include the full set of symmetries. Generalised contact structures are described as S 1 -invariant reductions of generalised complex structures in Section 4. The extended κ-symmetries noted by Sekiya [24] correspond to reductions of non-trivial S 1 -bundles. In Section 5 twisted generalised coKähler structures are described as reductions of generalised Kähler structures. This gives an generalised analogue of the correspondence between coKähler structures on M and Kähler structures on a principal circle bundle S 1 ֒→ P → M . The role of the extended symmetries are discussed in the context of T-duality in Section 6. The main result being that generalised coKähler structures are mapped to other generalised coKähler structures under T-duality. Finally, in Section 7, the relationship between the twisted contact structures in this note, and geometry on the generalised derivation bundle DL ∼ = DL ⊕ J 1 L (introduced in [29] ) is given.
Generalised tangent spaces and Courant algebroids
Generalised geometry is the study of geometric structures on a vector bundle equipped with an algebroid structure. Courant algebroids underly the generalised geometries associated with generalised complex structures and generalised contact structures. Definition 2.1. A Courant algebroid is a quadruple (E, •, ·, · , ρ), where E → M is a vector bundle, • : Γ(E) × Γ(E) → Γ(E) is a Dorfman product, ·, · a non-degenerate metric, and ρ : E → T M is an anchor, satisfying: for e i ∈ Γ(E), where D is defined by Df, e 1 = 1 2 ρ(e 1 )f .
Standard generalised geometry is the study of geometric structures on the generalised tangent bundle E → M given by the following exact sequence:
Courant algebroids on E, specified by (2.4), are called exact Courant algebroids. Every exact Courant algebroid admits a splitting s : T M → E, satisfying ρs = id, and is isotropic s(X 1 ), s(X 2 ) = 0 for all X 1 , X 2 ∈ Γ(T M ). Two exact Courant algebroids are equivalent if they differ by a choice of isotropic splitting.
A choice of splitting defines an isomorphism E ∼ = s(T M ) ⊕ ρ * (T * M ) := TM . Using the identification Γ(e) = s(X) + ρ * (ξ) := (X, ξ), for X ∈ Γ(T M ) and ξ ∈ Γ(T * M ), the standard Courant algebroid is given by (X 1 , ξ 1 ) • H (X 2 , ξ 2 ) = [X 1 , X 2 ], L X1 ξ 2 − ι X2 ξ 1 − ι X1 ι X2 H ; (2.5a) (X 1 , ξ 1 ), (X 2 , ξ 2 ) = 1 2 (ι X1 ξ 2 + ι X2 ξ 1 ); (2.5b) ρ(X, ξ) =X, (2.5c) where H ∈ Ω 3 cl (M ), is given by
(for details see [5] ). The Leibniz identity for • H (2.5a), gives the Maurer-Cartan identity dH = 0. The Dorfman product, • H , is natural in the sense that it is the derived bracket of d H := d + H∧ (with d the de Rham differential), acting on Γ(∧ • T * M ) [20] .
Consider splitting (2.4) with two different isotropic splittings s i : T M → E, i = 1, 2, satisfying ρ(s 1 −s 2 ) = 0. Exactness implies that there exists a unique B ∈ Ω 2 (M ) satisfying s 1 (X)−s 2 (X) = Definition 2.2. A Courant algebroid symmetry is a bundle automorphism S : E → E such that
Given a diffeomorphism f : M → M , the induced action on a section (X, ξ) ∈ Γ(TM ) is given by
There is an infinitesimal action of B ∈ Ω 2 (M ) on (X, ξ) ∈ Γ(TM ), given by B(X, ξ) = (0, ι X B).
The corresponding finite action, called a B-transformation, is e B (X, ξ) = (X, ξ + ι X B), and
If H = 0 a B-transformation is a Courant algebroid symmetry iff B ∈ Ω 2 cl (M ). The Lie group composition of closed two forms is
The H-twisted exact Courant algebroid and the B-transformations have a close connection to U(1)-gerbes. If one requires that H has integral periods, [H/2π] ∈ H 3 (M, Z), then there is a gerbe describing the patching of T * M to T M , giving TM [17] .
Consider a good cover of
A gerbe is described by the cocycle g αβγ = exp(iΛ αβγ ) ∈ U(1), a connection is given by A αβ ∈ Ω 1 (U αβ ) and
H = dB α = dB β on U αβ is independent of the cover and is a globally defined 3-form. Given a representative of a class [H] ∈ H 3 (M, R) it is possible to reconstruct the bundle
Choose an open cover U and a representative H ∈ H 3 dR (M, R), which consists of a 4-tuple (Λ αβγ , A αβ , B α , H) in theČech-de Rham complex (over R). The bundle E is constructed by the clutching construction [16] being the standard introductory reference. In addition to the exact Courant algebroid structure, the generalised tangent bundle admits a Clifford action of sections (X, ξ) ∈ Γ(TM ) on differential forms ϕ ∈ Ω
• (M ), given by
, where m = dim(M ), describe spinors [16] . Associated to each spinor is the annihilator bundle
A pure spinor is given by ϕ ∈ Ω od/ev (M ) ⊗ C that is non-degenerate with respect to the Mukai pairing (ϕ, ϕ) M = 0, where
where α is the Clifford anti-automorphism α(dx
, and (·) m denotes the projection onto Ω m (M ). Given a pure spinor ϕ, and a function
If f is nowhere zero, then f ϕ describes the same maximal isotropic subspace as ϕ. There is a local one-to-one correspondence between maximally isotropic subspaces of TM and conformal classes of pure spinors.
Definition 2.3.
A generalised almost complex structure on TM is given by J ∈ End(TM ), satisfying J * = −J and J 2 = −id.
A generalised almost complex structure can equivalently be described by a maximal isotropic
There is a local one-to-one correspondence between generalised almost complex structures and conformal classes of complex pure spinors, where a complex pure spinor satisfies the non-degeneracy condition (φ, ϕ) M = 0.
A generalised almost complex structure, J , is H-involutive if all sections X of the +i-eigenbundle L J are involutive with respect to
Definition 2.4. A generalised complex structure is an H-involutive generalised almost complex structure.
A pure spinor, ϕ, is said to be H-involutive if there exists some v ∈ Γ(TM ⊗ C) such that
Given an H-involutive pure spinor ϕ and a nowhere zero complex function f ∈ C ∞ (M ), we have
where
There is a local one-to-one correspondence between Generalised complex structures and conformal classes of H-involutive pure spinors.
Example 2.1. Given an (almost) symplectic structure ω ∈ Ω 2 (M ), we can define a generalised (almost) complex structure with the spinor,
The +i-eigenbundle is given by
we can define a generalised (almost) complex structure with the spinor ϕ J = Ω, where Ω ∈ Ω (m,0) (M ), is any generator of the (m, 0)-forms for the complex structure J.
The tangent bundle T M has a structure group GL(m). A reduction of the structure group GL(m) to its maximal compact subgroup O(m), defines a choice of Riemannian metric. The generalised tangent bundle TM , equipped with metric ·, · , has structure group O(m, m). The inner product ·, · determines a splitting TM = C + ⊕ C − , where C + is positive definite with respect to ·, · , and C − is negative definite. The generalised metric structure is defined by
Using the metric ·, · to identify TM with T * M , a generalised metric can be identified with G ∈ End(TM ) satisfying G * = G, and G 2 = id. It follows from (2.10) that C ± correspond to the ±1-eigenbundles of G. Given a Riemannian metric g, a generalised metric G can be defined by the identification
Definition 2.6. A generalised almost Kähler structure is a pair of almost generalised structures satisfying J 1 J 2 = J 2 J 1 , and −J 1 J 2 = G, for a generalised metric G.
The role of extended symmetry is important as it provides deformations of generalised metric and generalised complex structures. This provides a way to generate examples, and gives a notion of equivalence which goes beyond diffeomorphisms. Example 2.3 (Twisted generalised metric). A generalised metric, defined by a Riemannian metric, g, can be twisted by a 2-form B, to give another generalised metric.
Example 2.4 (Twisted generalised complex structure). Given a pure spinor ϕ defining an (almost) complex structure, we can define ϕ
A generalised H-involutive complex structure ϕ can be deformed to a (H + dB)-involutive complex structure e −B ∧ ϕ.
). Generically the type can change at each point x ∈ M . Example 2.5. Locally every generalised (almost) complex structure of type-k, can be associated (non-canonically) to a pure spinor ϕ J = Ω∧e B+iω , where ω ∈ Ω 2 (M ), Ω is a complex decomposable form of degree k, and ω m/2−k ∧ Ω ∧Ω = 0.
In Section 5 generalised coKähler structures will be defined in a way that mirrors the common definition in terms of Kähler structures. This Section concludes with the definition of generalised Calabi-Yau structures, and hyperKähler structures. Definition 2.7. A generalised almost Calabi-Yau structure consists of two pure spinors (ϕ 1 , ϕ 2 ), which define two generalised complex structures (J 1 , J 2 ) forming a generalised almost Kähler structure. In addition, the lengths of these sections are related by a constant
where c ∈ R can be scaled to either +1 or −1 by rescaling ϕ 1 .
A generalised Calabi-Yau structure is a generalised almost Calabi-Yau structure where (ϕ 1 , ϕ 2 ) are both H-involutive. 
Example 2.7 (hyperKähler). Given a hyperKähler structure (M, g, I, J, K) a generalised Kähler structure can be constructed:
Generalised contact geometry
The H-twisted exact Courant algebroid, and the associated Dirac structures play a fundamental role in generalised complex geometry. The corresponding objects in generalised contact geometry are the contact Courant algebroid, and contact Dirac structures.
broid is given by [4, 5] :
where the twists (
, Ω 2 (M )) are globally defined forms required to satisfy the Maurer-Cartan identities:
This is a twisted version of the contact Courant algebroid that has appeared previously in the generalised contact literature [18, 19, 15] . The twists (H 3 , H 2 , F ) play an essential role in describing symmetries and deformations of generalised contact structures. First consider the case that
The action satisfies
When H 3 = H 2 = F = 0 the bracket (3.1a) has the symmetry group
The group action is generated by the algebra action
where the algebra composition is given by
and is non-abelian. For non-trivial (H 3 , H 2 , F ) the symmetries are described by a non-abelian gerbe. The construction follows from Baraglia's general argument for twisting closed form Leibniz algebroids [2] . The twists are constructed from
are required to satisfy (3.2) and satisfy cocycle conditions
This defines a twisted bundle with sections patched using
to define a global section (X, f, g, ξ) ∈ Γ(E). The twists do not define (B, b, a) uniquely, and it is possible to make a different choice (
where (B ′′ , b ′′ , a ′′ ) are globally defined forms satisfying 
The description above shows that the twisted contact Courant algebroid can be seen as a bracket on via a clutching function construction. The insight here is to interpret the contact Courant algebroid bracket as an S 1 -reduction of the standard twisted Courant algebroid. The identification is made as follows: Consider a Courant algebroid associated to the vector bundle E given as
with the standard H-twisted Courant algebroid structure (2.5), identifying
) is a principal U(1)-bundle, then there are Atiyah algebroids associated to T P and (T P ) * ∼ = T * P :
In this way the twisted contact Courant algebroid can be identified with
The twisted contact Courant algebroid is constructed out of (H 3 , H 2 , F ) and makes no reference 
the bundle E should not be dependent on the choice of splitting.
Remark. Sekiya studied generalised contact structures associated to the trivial line bundle L = M × R, and noted κ-symmetries [24] . This corresponds to (b, a)-transformations for globally defined forms not subject to periodicity constraints. This clarifies the geometric origin of Sekiya's κ-symmetries. The (b, a)-transformations correspond to a choice of connection for the circle/linebundle P → M . The non-abelian composition law for B, with (b, a), reflects the fact that there is choice in which order one splits the sequences.
Generalised contact structures
This section describes the mixed pair description of generalised contact structures, the odddimensional analogue of the pure spinor description in generalised complex geometry. Aldi and Grandini gave a proposal for mixed pairs which were compatible with B-transformations, but not the full set of (B, b, a)-transformations, so do not incorporate non-coorientable structures.
There is a Clifford action of sections
where (X, ξ) · ϕ = ι X ϕ + ξ ∧ ϕ, is the Clifford product on TM . This product satisfies
It is interesting to consider the annihilator bundles of a pair (ϕ, ψ):
When f = g = 0, (X, 0, 0, ξ) · (ϕ, ψ) = 0 implies that (X, ξ) · ϕ = 0 and (X, ξ) · ψ = 0, the same annihilator condition as Section 2. For some pairs (ϕ, ψ), there may be solutions for non-zero f or g. In this case
indicating that there exist sections v ∈ TM which relate ϕ and ψ. Pure spinors play an important role in describing Dirac structures in TM ⊗ C, mixed pairs describe the odd-dimensional analogue of Dirac structures.
The pairing (· , ·) M for two pairs of differential forms (ϕ i , ψ i ) (i = 1, 2) is given by
and (· ) m−1 is the projection to Ω m−1 (M ).
The second condition requires that either
Given two nowhere zero functions f 1 , f 2 ∈ C ∞ (M ) and a Dirac pair (ϕ, ψ), the pair (f 1 ϕ, f 2 ψ) satisfy the non-degeneracy condition, and
To motivate the definition of generalised contact structures, it is helpful to briefly consider the relationship between contact structures and symplectic structures. A contact stucture is a maximally non-integrable codimension-1 hyperplane distribution D ⊂ T M . This can be described by the line bundle T M/D. Letting η be an T M/D-valued 1-form, the distribution is given by D = ker(η). The non-integrability condition can be given as η ∧ (dη) m = 0, where dim(M ) = 2m + 1. Letting ω D = dη, there is a transverse symplectic structure on D. In addition, there is another symplectic structure associated with the manifold N := M × R t ; take α = dt + η, and set ω t = d(e t α). When T M/D is a non-trivial line bundle there is no globally defined contact form η.
It is possible to consider the same construction with S 1 ֒→ P ′ → M . In this case there is an Atiyah algebroid structure and the contact structure can be associated with an S 1 -invariant reduction.
In the non-trivial case η is no longer globally defined but is part of a (B, b, a)-transformation with
The ability to construct two symplectic structures from a contact structure is the guiding principle of generalised contact structures. A generalised contact structure should be able to be viewed as a (possibly non-trivial) S 1 -reduction of a generalised complex structure (see as outlined in Section 3. The corresponding Courant algebroid description applicable to non-trivial line bundles was given by Vitagliano and Wade [29] , and is briefly described in Section 7.
Generalised contact structures have been studied in a number of papers [19, 23, 1] . However, the (b, a)-twists (which allow the description of non-coorientable structures when H 2 , F = 0) have received little attention. Φ(e 1 ) =λe 1 , Φ(e 2 ) = −λe 2 ; (4.3c)
Generalised contact structures coming from Sekiya quadruples with λ = 0 have been well studied, and are often referred to as Poon-Wade triples [23] . The importance of considering λ = 0 is the inclusion of the (b, a)-symmetries, which should be considered on an equal footing to B-transformations, and a fundamental part of the theory. Definition 4.4. Let M be an odd-dimensional manifold of dimension m. A generalised almost contact structure is a quadruple (L, e 1 , e 2 , λ), where L ⊂ TM ⊗ C is a maximal isotropic subspace dim R (L) = m − 1, and e 1 , e 2 ∈ Γ(TM ), satisfy e 1 , e 1 = 0, e 2 , e 2 = 0, e 1 , e 2 = 1/2.
A Sekiya quadruple can be associated to a generalised almost contact structure: Let L represent the +i-eigenbundle of Φ, and e 1 , e 2 specify the ±λ eigenbundles respectively.
It is clear that the pairs (e 1 , e 2 , λ) and (e 2 , e 1 , −λ) describe the same generalised almost contact structure. In particular if λ = 0, dim(ker(Φ)) = 2, and there is a O(1, 1) freedom in the choice of e 1 , e 2 .
A generalised almost contact structure on M can be constructed from an S 1 -invariant generalised almost contact structure on a principal circle bundle P (M, π, U(1)). Consider a principal bundle P (M, π, U(1)) over an odd-dimensional manifold M . Let U = {U α } denote a good cover of M , and
We have two set of coordinates on π −1 (U α ∩ U β ) (x, t α ) and (x, t β ). The coordinates are related by t α = g αβ t β , where g αβ ∈ U(1) are transition functions. Choose an S 1 -invariant connection A, given locally by A α = dt α + A(x), where A ∈ Ω 1 (M ), and on x ∈ U αβ A α = A β − id log g αβ . Assume
that there is an S 1 -invariant generalised almost complex structure J inv ∈ End(TP ). A choice of connection induces a decomposition of
with a section v + ξ + f ∂ t + gA, for v ∈ Γ(T M ), f, g ∈ C ∞ (M ), and ξ ∈ Γ(T * M ). This gives the decomposition:
where Φ ∈ End(TM ), 
5b)
Remark. The definition of mixed pair given here differs slightly from that given in [1] , which is valid for λ = 0 only.
Given a nowhere zero function f ∈ C ∞ (M ), the pair (f ϕ, f ψ) satisfies the equations (4.5) for fixed (e 1 , e 2 , λ). A generalised almost contact structure can be described using a mixed pair. Given an almost contact structure (L, e 1 , e 2 , λ), the identifications Ann(ψ) = L ⊕ Ce 1 , and Ann(ϕ) = L ⊕ Ce 2 , allow L to be recovered as the intersection of the annihilator bundles of (ϕ, ψ).
There is a local correspondence between generalised almost contact structures (L, e 1 , e 2 , λ) and a conformal class of mixed pairs (ϕ, ψ).
The definition of mixed pairs is motivated by the decomposition of a pure spinor, ρ J (associated to an S 1 -invariant generalised complex structure J inv on M × S 1 see [1] ), into a mixed pair (ϕ, ψ) associated to a Sekiya quadruple on M :
. This implies that v j · ϕ| S 1 = 0, and gives (4.5b).
and (H 3 , H 2 , F ) satisfy the Maurer-Cartan equations (3.2).
Given a non-zero function h ∈ C ∞ (M ), and mixed pair (ϕ, ψ, e 1 , e 2 ) satisfying d H3,H2,F (ϕ, ψ) = V · (ϕ, ψ), the choice (hϕ, hψ, e 1 , e 2 ) satisfies
Thus the (H 3 , H 2 , F )-involutive property is not dependent on the choice of (ϕ, ψ) chosen to represent the almost contact structure (L, e 1 , e 2 , λ). Let us briefly recall the Clifford product on U ⊂ ∧ • T * M ⊗ C on the generalised tangent bundle TM :
we obtain filtrations of the even and odd exterior forms (here 2n is the real dimension of the manifold):
where ev/odd is chosen according to the parity of U itself, and U k is defined as CL k · U , where CL k is spanned by products of not more than k elements of TM [16] . Note that, using the inner product, we have the canonical isomorphism L * = ((T ⊕ T * ) ⊗ C)/L, and so U 1 is isomorphic to L * ⊗ U 0 . Theorem 3.38 of [16] shows that an almost Dirac structure defined by Ann(ρ) is
A similar statement holds in the almost contact case. Consider a mixed pair (ϕ, ψ).
This gives a filtration on pairs (ϕ, ψ):
where dim(M ) = m is odd-dimensional and ϕ, ψ are being viewed as pure spinors on a local trivialisation of M × S 1 .
Theorem 4.8. The annihilator bundle Ann
Proof. Let (L, e 1 , e 2 , λ) be the generalised almost contact structure, and let (ϕ, ψ) be a trivialization of representative of (L, e 1 , e 2 , λ) over some open set. We show below that
for any sections X 1 , X 2 ∈ Ann(ϕ, ψ). Hence Ann(ϕ, ψ) is involutive if and only if 
as elements of V k are precisely those which are annihilated by k + 1 elements in Ann(ϕ, ψ). Consider a section (X, f, g, ξ) = X ∈ Ann(ϕ, ψ), which satisfies
Rearranging we have
A similar calculation holds for ι [X1,X2] ψ. Combining the results gives
So the involutive corresponds to an involutive subspace. A similar argument holds for the twisted case ι X1•H 3 ,H 2 ,F X2 (ϕ, ψ) = −X 2 ·X 1 ·d H3,H2,F (ϕ, ψ).
Let us consider a generalised almost contact structure generated by a cosymplectic structure on M and examine the integrability condition. An almost cosymplectic structure is a pair (θ, η) ∈ (Ω 2 (M ), Ω(M )) satisfying η ∧ θ n = 0. From standard results in contact geometry, there exists a Reeb vector field R ∈ Γ(T M ) such that ι R η = 1 and ι R θ = 0. A mixed pair (ϕ, ψ, e 1 , e 2 ) can be given by ϕ = e iθ , ψ = η ∧ e iθ , e 1 = η, e 2 = R.
We have dϕ = idθ ∧ ϕ, and
In fact the pair (θ, η) will form a (0, dη, 0)-generalised contact structure if dθ = 0. We conclude the following:
• A cosymplectic structure defines a (0, 0, 0)-generalised contact structure.
• A contact 1-form η defines a (0, dη, 0)-generalised contact structure.
It is possible to describe a non-coorientable contact structure arising from a T M/D-valued 1-form η. In the case of a non-trivial line bundle T M/D, η is not globally defined. Local trivialisations η α and η β are related using transition functions g αβ . If the line bundle on a compact manifold is of the form T M/D ∼ = T S 1 , for an S 1 -foliation then η satisfies the conditions of a (0, 0, η)-transformation ((3.4) and (3.5)) with twists (0, 0, dη).
Remark. In [23] an almost generalised structure (defined with
is called a generalised structure if L ⊕ Ce 1 is involutive. A strong generalised contact structure is a generalised contact structure where L ⊕ Ce 2 is involutive. In [1] a generalised normal contact structure is a generalised contact structure arising from an invariant generalised complex structure J on M × R. In both cases a contact form η with dη = 0 does not give a strong generalised contact structure.
An essential property of the definition of a generalised (almost) contact structure is that it is compatible with the (B, b, a) -symmetries. The action on a Dirac pair (ϕ, ψ) is:
where ∧ has been omitted. The action preserves the pairing,
and satisfies
This shows that given a (H 3 , H 2 , F )-involutive mixed pair, (ϕ, ψ), there exists a (H
Below two standard examples of generalised contact structures (first appearing in [19] for M ×R) are presented as reductions of generalised complex structures on S 1 ֒→ P → M .
Example 4.1 (Almost symplectic to almost cosymplectic structure). Let ω ∈ Γ(∧ 2 T * P ) be a symplectic form, where S 1 ֒→ P → M , and dim(M ) = m = 2n + 1. Consider a connection specified by locally by
The symplectic form is S 1 -invariant if it admits the decomposition
where ω is globally defined, but η is not if the bundle is not trivial, and satisfies the usual cocycle conditions.
giving η ∧ θ n = 0. From standard results in contact geometry, there exists a Reeb vector field R ∈ Γ(T M ) such that ι R η = 1 and ι R θ = 0. θ is non-degenerate on ker(η), and φ(X) := ι X θ (X ∈ ker(η)). The generalised complex structure J ω is reduced to a generalised contact structure (Φ, e 1 , e 2 , λ):
where J ω is written in the splitting T P ⊕ T * P , Φ in the splitting ker(η) ⊕ Ann(R), and ρ Jω is a pure spinor associated to J ω .
Let us look at the integrability conditions:
is not necessarily zero. So a generalised d 0,dη,0 -contact structure can arise from a pre-symplectic structure.
Example 4.2 (almost complex to almost contact structure). Consider an almost complex structure J ∈ End(T P ), on S 1 ֒→ P → M , where dim M = 2n + 1, and the the S 1 -bundle specified the connection A, (with F = dA) given locally by A α = dt α + A α ∈ Ω 1 (P α ). Given local coordinates,
x, for M , and t for S 1 , the almost complex structure is S 1 -invariant if there exists the decomposition
Letting φ = φ ′ − R ⊗ A, the conditions J * = −J and J 2 = −1 give
The generalised almost complex structure J J reduces to a generalised almost contact structure (Φ, e 1 , e 2 , λ):
where Ω J ∈ Ω 2n+2,0 is the decomposable top form giving the pure spinor describing J J , and
We require that dΩ φ = 0. In this case we have d 0,dα,0 (ϕ, ψ) = 0. 
where v = (X, ξ) ∈ Γ(TM ).
This follows immediately from considering e (B,b,a) transformation on J inv , via
where J inv is the S 1 -invariant generalised complex structure associated to (Φ, e 1 , e 2 , λ) by (4.4), and noting that e (B,b,a) e (−B,−b,−a) X = X. 
Proof. This follows directly from the mixed pair description and the fact that the transformation e (B,b,a) preserves the pairing and (4.8). 
where ρ * (a) : T * M → Ann(R) is the projection.
Deforming Example 4.2 we get
Remark. These examples show that (b, a)-transformations can change λ. The (b, a)-transformation can be interpreted geometrically as twisting the S 1 -bundle. The correspondence between atransformations and twisting comes from the discussion on page 11. The description on page 8 shows that the splitting of invariant sections of T P and T * P correspond to an a-transformation and a dual, the b-transformation.
Example 4.4 (Products [13] ). Let M = M 1 × M 2 , with projections
is a generalised almost contact structure on M 1 and L 2 is a generalised almost complex structure on
is a generalised almost contact structure on M .
There are manifolds which admit generalised contact structures, but not contact structures. A class of examples come from S 1 -bundles of nilmanifolds. A nilmanifold is a homogenous space M = G/Γ, where G is a simply connected nilpotent real Lie group and Γ is a lattice of maximal rank in G. For the associated generalised complex structures on nilmanifolds, see [8] . The structure of a particular nilpotent Lie algebra can be given by specified listing exterior derivatives of the elements of a Malcev basis, as an n-tuple of two-forms dǫ k = c ij k ǫ i ǫ j , (henceforth ∧ is omitted, so that ǫ i ∧ ǫ j = ǫ i ǫ j ). 
where M is the nilmanifold specified by (0, 0, 12, 13, 14 + 23, 34 + 52), and S 1 is parameterized by t. The one-form dt gives a flat connection on S 1 . Define η = π * dt. Let R = π * ∂ t be the corresponding Reeb vector field:
Example 4.6 (S 1 -bundles on nilmanifolds). There are manifolds which have no symplectic or complex structures, but do have generalised complex structures. In [8] generalised complex structures are constructed on nilmanifolds which do not admit symplectic, or complex structures. Each of these examples define a generalised complex structure via a pure spinor ρ = Ω ∧ e B+iω . This construction can be modified to find generalised contact structures which do not admit contact structures. Take S 1 ֒→ E → M . Choose an S 1 -invariant connection A. Define a vector field R such that ι R A = 1. Take the generalised complex structure described by the pure spinor ρ = Ω ∧ e iω+B .
The corresponding mixed pair is ϕ = e B+iω Ω, ψ = Ae B+iω Ω, e 1 = A, e 2 = κ, λ = 0.
Example 4.7. Consider R 5 , described using coordinates {t, z 1 , z 2 } where z 1 , z 2 are standard coordinates in C 2 ∼ = R 4 . A generalised complex structure is defined by the pure spinor ρ = z 1 + dz 1 dz 2 .
When z 1 = 0, ϕ = dz 1 dz 2 defines a standard complex structure, whereas z 1 = 0, ϕ defines a B-symplectic structure since ρ = z 1 exp(dz 1 dz 2 /z 1 ). A generalised contact structure is given by
Generalised coKähler geometry
Generalised geometric structures are of great interest in string theory, due to the fact that Tduality is associated to so(
In particular, the generalised metric incorporates the Riemannian metric, g, and B-field associated with the Neveu-Schwarz flux H, in the bosonic sector of supergravity. Generalised Kähler structures are equivalent to bi-hermitian structures and are the most general geometry associated to 2-dimensional target space models with N = (2, 2) supersymmetry [12] .
CoKähler structures are the odd-dimensional counterpart to Kähler structures. The relationship between Kähler and coKähler structures is described in [21, 3] . Li gave a structure result for compact coKähler manifolds stating that such a manifold is always a Kähler mapping torus. The coKähler structure on an odd-dimensional manifold M can be associated to a Kähler structure on an S 1 -bundle (using a symplectomorphism) [21] . Further results on coKähler structures were given in [3] .
Generalised coKähler structures have appeared in the literature before [14] . The definition given in [14] deals with generalised Kähler structures on M 1 × M 2 , and the definition is compatible with B-transformations. In this note we will consider the case where M 2 = S 1 , but will not restrict to product manifolds, instead considering principal circle bundles, and the definition is compatible with the full (B, b, a)-transformations. Generalised coKähler structures will be presented as S 1 -invariant reductions of generalised Kähler structures.
Remark. Generalised Kähler structures play an important role in string theory. In [12] generalised Kähler structures (written as a bi-Hermitian structures) appear in the study of N = (2, 2) nonlinear sigma models with torsion. The torsion arises from the connections
where ∇ LC is the Levi-Civita connection. Abelian T-duality can be carried out when the metric has an S 1 -isometry, and the T-duality procedure involves Kaluza-Klein reduction. T-duality is most interesting when the S 1 -isometry corresponds to a topologically non-trivial S 1 -bundle. In this case there is an interesting relationship between topology and H-flux [6, 7] . The study of S 1 -reductions of generalised Kähler structures is interesting in this context.
5.1.
Generalised metric structure. The inner product (3.1b) is non-degenerate and a generalised contact metric can be constructed using maximally isotropic subspaces
, as in the case of generalised geometry on TM , see Section 2.2. In this case we have
for some h ∈ C ∞ (M ). This satisfies
verifying that C ± describe the maximal positive/negative definite subbundles. As ·, · is invariant under (B, b, a)-transformations, the subbundles C ± defining a generalised metric G can be transformed to e (B,b,a) C ± defining a generalised metric
The maximal subspaces are given by
All subspaces C ± can be described in the form (5.2) for some choice of (g, h, B, b, a). 
1 , e
2 , λ 1 ) and (L 2 , e
2 , e
2 , λ 2 ) whose associated Sekiya quadruples J 1 = {Φ 1 , e 
2 = R, ϕ 2 = Ω J , ψ 2 = η ∧ Ω J , e
2 = R. The almost generalised complex structures J ω inv and J Ωinv will define a generalised coKähler structure when H 2 = dα = dη (see Examples 4.1 and 4.2 for notation). where c ∈ R can be scaled to +1 or −1 by scaling (ϕ 1 , ψ 1 ). A generalised almost coKähler-Einstein structure is an generalised coKähler-Einstein structure if (ϕ 1 , ψ 1 , e 1 , e 2 ) and (ϕ 2 , ψ 2 , e 1 , e 2 ) are generalised (H 3 , H 2 , F )-contact structures. 
2 = dt) and (ϕ 2 , ψ 2 , e vector generates a S 1 -foliation, and considering S 1 -invariant fields, the Courant bracket (2.5a) is reduced to (3.1a). T-duality corresponds to the interchange F, f ↔ H 2 , g. Contact geometry corresponds to an extra S 1 -invariant reduction, but not the interchange and pushforward.
In [1] T-duality in the cone direction, t, is considered. In this case the mixed pair (ϕ, ψ) is mapped to the mixed pair (ψ, ϕ). A b-transformation is interpreted as a change in connection, and hence fibering for the S 1 -bundle defining the generalised contact structure. An a-transformation corresponds to a choice of connection in the T-dual direction.
Proposition 6.1. T-duality maps a generalised coKähler(-Einstein) structure to another generalised coKähler(-Einstein) structure.
